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The SABR model is a stochastic volatility dynamics for a single 
asset under its natural probability measure. However, when 
pricing general term structure payouts, we need to model the 

joint evolution of relevant rates, as in the Libor market model 
(LMM) of Brace, Gatarek & Musiela (1997). Moreover, if the sto-
chastic volatility factors are correlated with the term structure of 
rates (as in Hagan et al, 2002, the underlying is correlated to its 
stochastic volatility), no-arbitrage constraints indicate that the sto-
chastic differential equation governing the volatility evolution will 
be different under different swap and forward measures. This 
implies that when one assumes a factor structure for the stochastic 
volatility, as is usually done in the market for computational rea-
sons, even the pricing of simple derivatives such as caps and swap-
tions is not trivial, because different volatility dynamics must be 
considered for different underlying rates.

Assuming non-zero correlation between rates and their volatility 
has several advantages, which overcome the cost of a volatility drift 
that is measure-dependent. The quality of calibration improves and 
model parameters tend to be more stable over time. Finally, an 
incorrect (that is, equal to zero) specification of the correlation can 
easily lead to undesired distributions of the final profit and loss of 
the hedging portfolio, resulting in unpredicted (and of course 
unwanted) potential losses.

In the following, we build a general LMM starting from SABR 
assumptions, and we show how the arbitrage-free dynamics can be 
approximated to reach a model where a no-arbitrage change of 
dynamics is captured by a simple modification in the parameters of 
the SABR formula. Then these approximations are tested under 
numerical methods. Finally we show that the prices calculated with 
our model, whose pricing formulas take into account no-arbitrage 
constraints, are closer to quoted market prices than the prices cal-
culated with a model neglecting the issue. This confirms that com-
pliance with no-arbitrage constraints is an important practical issue 
in the interest rate derivatives market. Due to market liquidity and 
the availability of information on volatility and correlations, the 
calculation of precise no-arbitrage corrections is possible and its 
importance is magnified by the large notional amounts.

The issue of reconciling the SABR dynamics with the LMM set-

ting was first addressed by Henry-Labordère (2007) and then by 
Rebonato (2007). However, these two important contributions 
follow routes different from ours. Henry-Labordère derives a new 
approximation for swaption implied volatilities that involves matrix 
inversions and partial derivatives to calculate numerically, while we 
devise a formula that is very simply implemented through a change 
of parameters in the popular Hagan et al (2002) formula.

In terms of compatibility with the popular SABR formula, our 
work is more similar to Rebonato (2007). However, Rebonato does 
not design a LMM starting from the reference SABR dynamics, but 
adapts his LMM so as to obtain results as close as possible to those of 
the SABR formula. He performs an in-depth analysis of the most con-
venient parameterisation allowing a stable (time-homogeneous) fit to 
market data, and extends part of its analysis to a plurality of stochastic 
volatility factors. On the other hand, he does not consider the issue of 
the change of dynamics of the stochastic volatility required to keep 
the model arbitrage-free; that instead is the focus of our work.

Recently, the issue of reconciliating SABR dynamics with the 
LMM setting has also been addressed by Hagan & Lesniewski 
(2008), who use small noise techniques.

The model formulation
Most stochastic volatility LMMs introduced in the financial litera-
ture allow for only one stochastic volatility factor applied to all for-
ward rates. This includes the already mentioned Henry-Labordère 
(2007) and Wu & Zhang (2006), and also Piterbarg (2005) and 
Andersen & Andreasen (2002). Accordingly, in this work, we con-
sider a single volatility factor. We also assume a single constant elas-
ticity of variance parameter , namely a common exponent in the 
diffusion coefficient of all the modelled forward rates. This does 
not harm our chance to fit precisely the different skews of different 
swaptions, since we have correlations with volatility that are differ-
ent for each rate. On the other hand, this specification allows a 
regularity of parameters that would be unreachable when using dif-
ferent volatility backbones and leads to (approximated) swap rate 
dynamics that are easier to define.

In general, a parsimonious model design in terms of parameters 
and volatility factors avoids over-parameterisation and instability over 
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time. A large number of factors leads to computationally burdensome 
models when using Monte Carlo. Even more importantly, the rele-
vant common factors driving the market could be missed when each 
rate is calibrated independently of the others. For example, for many 
exotic derivatives, such as constant maturity swaps, out-of-sample 
model implications are more relevant than extremely good fitting, so 
that a parsimonious model can provide more meaningful prices (see 
Mercurio & Pallavicini, 2006, and Mercurio & Morini, 2007b).

In light of the above considerations, we propose a synthetic 
SABR LMM, whose formulation coincides with that introduced by 
Henry-Labordère (2007). The model dynamics is defined under 
the standard reference measure for stochastic volatility Libor mod-
els, namely the spot Libor measure Q, associated with the discretely 
rebalanced bank account numeraire B

d
(t). The bank account starts 

at one and is rebalanced only at the times that appear in the LMM 
discrete tenor structure. In the following:

Fj t :
P t,Tj 1 P t,Tj

jP t,Tj

is the forward Libor rate at time t for the future interval [T
j–1

, T
j
], 

j

is the year fraction from T
j–1

 to T
j
 and P(t, T) denotes the time t-

price of the zero-coupon bond with maturity T.
As in Henry-Labordère (2007), we assume that under Q the state 

variables follow SABR-like dynamics:

dFk t k
Q t dt kV t Fk t dZk

Q t

dV t V t dW Q t , V 0
(1)

where Q
k
(t) is the spot Libor drift of forward rates, 

k
 is a determin-

istic (constant) instantaneous volatility coefficient,  (0, 1) is the 
constant elasticity of variance (local-volatility) coefficient and ZQ := 
{ZQ

1
, ZQ

2
, ...} and WQ are Q-Brownian motions, whose instantaneous 

correlation structure is given by:

E dZQ t dZQ t dt, E dW Q t dZk
Q t k ,V dt k

where  is some correlation matrix, and the vector V = [
1,V

, ... , 

M,V
]  expresses the rate-volatility instantaneous correlation. With 

no loss of generality, hereafter we will assume  = 1 since  can be 
incorporated in 

k
.

Dynamics under different measures
Applying classic change-of-measure techniques, we can easily cal-
culate joint no-arbitrage dynamics under other typical pricing 
measures (see Mercurio & Morini, 2007b, for detailed derivations). 
Under Qi, the T

i
-forward measure with numeraire P(t, T

i
), the 

dynamics of the forward rate F
k
(t) is in line with standard LMM 

results. For instance, if i < k:

dFk t kV
2 t Fk t k , j j jFj t

1 jFj t
dt

j i 1

k

kV t Fk t dZk
i t

On the contrary, the result for the volatility process V is not stand-
ard. In fact, the Qi-dynamics of V is:

dV t V 2 t t t , i dt V t dW i t

t x, y : j j ,V jFj t

1 jFj tj x 1

y (2)

(see also the change of measure performed in Henry-Labordère, 
2007). A similar result applies when we consider a swap rate S

a,b
(t) = 

b
j=a+1

w
j
(t)F

j
(t), where:

w j t : jP t,Tj /Ca ,b t , Ca ,b t : hP t,Th
h a 1

b

and move to the corresponding swap measure Qa,b, whose associated 
numeraire is the swap annuity C

a,b
(t). Under Qa,b, the dynamics of V is:

dV t V 2 t t
a ,b t dt V t dW a ,b t

t
a ,b t wk t t t , k

k a 1

b (3)

Applying the rather standard techniques of Andersen & Andreasen 
(2002) and Jäckel & Rebonato (2000), and setting:

a ,b : k 0 k h 0 h k ,h
h a 1

b

k a 1

b

,

j t :
Sa ,b t

Fj t

Fj t

Sa ,b t

(4)

we obtain the (approximated) stochastic differential equation fol-
lowed by the swap rate:

dSa ,b t a ,bV t Sa ,b t dZa ,b
a ,b t

whose instantaneous correlation V
a,b

 with the stochastic volatility 
factor is given by:

a ,b
V

a ,b j
j a 1

b

0 j j ,V (5)

We refer to these passages as the LMM-SMM (swap market 
model) approximation, which will be tested below. The involved 
drift terms in the volatility dynamics (2) and (3) prevent us from 
having closed-form formulas for caps and swaptions, which are 
essential requirements for efficient model calibrations. In the fol-
lowing section, therefore, we will approximate them so as to reach 
the required tractability. Precisely, we will propose different approx-
imations, which will be tested empirically in a later section. Given 
the fact that 

t
( (t), k) = 

t
k–1,k( (t)), since a forward Libor rate is 

equivalent to a one-period forward swap rate, we will concentrate 
on the volatility dynamics (3) under the swap measure Qa,b.

Tractable approximations of volatility dynamics
The first approximation for tractability one can think of is the triv-
ial one where the drifts are set to zero:

t
a ,b t 0 (6)

This corresponds to the roughest possible ‘projection’ of the true 
dynamics on to a lognormal dynamics consistent with the SABR 
formula. We refer to it as the trivial lognormal approximation. 
When correlations are taken to realistic, calibrated values, as we do 
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here, the trivial projection (6) can lead to considerable out-of-sam-
ple errors (see also the section below on empirical tests).

In this section, we look for a less rough approximation. Wu & 
Zhang (2006), consistently with all the literature on the LMM, 
observe that the variability of a forward-measure drift correction is 
negligible compared with the variability of the underlying state 
variables, so it is safe to approximate the values F

j
(t) that appear in 

the drift correction with their initial value F
j
(0). When it comes to 

swap measures, as shown by Rebonato & Jäckel (1999), a similar 
result holds thanks to the low variability of the weights w(t) in 

t
a,b( (t)). In our context, this leads to:

t
a ,b t 0

a ,b t (7)

One may argue that 
t
a,b( (t)) tends to be more volatile than the drifts 

obtained by Wu & Zhang (2006), since they, among other differ-
ences, assume  = 1. However, we have to notice that  is concurrent 
to 

j,V
 in fitting the skewness in market volatility quotes. In case it hap-

pened that  << 1, this is typically associated with values 
j,V

 very close 
to zero, setting both 

t
a,b( (t)) and its volatility to extremely low values.

Projecting volatility on to lognormal dynamics. Contrary to 
Wu & Zhang (2006), who, after a measure change, find dynamics 
analogous to that they started from in their reference measure, the 
approximation (7) leads to a dynamics, namely:

dV t V 2 t 0
a ,b t dt V t dW a ,b t (8)

which is no longer driftless as in (1), nor of the geometric Brownian 
motion type we started from. This can cause two problems. First, 
this new solution could have a less regular behaviour. Second, it 
could prevent us from using the SABR option pricing formula, the 
feature of the SABR model that is responsible for its popularity in the 
market. We would like to incorporate this no-arbitrage dynamics into 
the same SABR formula, with just a correction to the input parame-
ters. This means first of all performing what we call lognormal 
approximation (LA), namely projecting the above dynamics into 
some lognormal dynamics, as done in the trivial projection (6), but 
now with a behaviour as similar as possible to the true dynamics.

The first (still rough) improvement on (6) is to freeze to their 
time-zero value all stochastic quantities in the change-of-measure 
correction, including stochastic volatility V(t) frozen to its initial 
level V(0) = 1. This leads to the following:

Equation-basedLA : dV t M t V t dt V t dW a ,b t

M t M1 t : 0
a ,b t

(9)

Another approximation we want to investigate is obtained by 
directly tackling the stochastic differential equation (8). Solving 
the equation would allow us to assess the behaviour of (8) and help 
us in developing a better-founded approximation. Setting c

t
 := –

0
a,b( (t)), equation (8) can be written as:

dV t ctV t
2
dt V t dW a ,b t

Mercurio & Morini (2007b) show that this stochastic differential 
equation admits an explicit solution given by:

V t %V t t , t 1 cu %V u du
0

t 1

(10)

where the auxiliary process V
~

(t) follows the standard SABR 
dynamics1:

d %V t %V t dW k t ; %V 0 1

The term 
t
 represents the correction made to the stochastic volatil-

ity to take into account no-arbitrage constraints. Thus, a correct 
account of no-arbitrage leads to a ‘convexity adjustment’ that depends 
on some average value of the stochastic volatility from now to the 
option maturity. This ‘convexity correction’ 

t
 is a stochastic quan-

tity, so V(t) is not lognormal. To use the SABR formula, we should 
first find a valid lognormal approximation, which requires approxi-
mating the convexity adjustment with a deterministic function. As 
also done before, this will be accomplished by replacing some not-so-
volatile quantity with its expected value. To this end, we must find a 
quantity giving a reduced contribution to the total variability of V(t).
A good candidate is the integral t

0
c

u
V
~

(u)du, considering that the aver-
age of a stochastic process tends to be less volatile than the process 
itself. Mercurio & Morini (2007b) show this is indeed the case, by 
calculating the first and second moments of the integral t

0
c

u
V
~

(u)du.
They find that the variance of the integral is negligible compared 
with its expected value, and also compared with the variance of V

~
(t),

which is the dominant stochastic term in (10).
In figure 1, we show, using parameters from calibration to the 

swaption market, that the volatility of t

0
c

u
V
~

(u)du remains very low 
compared with the volatility of V

~
(t), even for very long maturities. 

Accordingly, t

0
c

u
V
~

(u)du can be approximated, with a good degree 
of accuracy, with its expected value:

V t
%V t

1 Ea ,b c u %V u du
0

t

%V t

1 c u du
0

t

This corresponds to a volatility process given by the following:

Solution-basedLA : dV t M t V t dt V t dW a ,b t

M t M 2 t :
c t

1 c u du
0

t
(11)

Using the SABR option pricing formula. Both the equation-
based LA and the solution-based LA dynamics:
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Note: the two graphs represent the same function on two very different scales

1. Comparing the variance of t
0
c(u)V

~
(u)du with 

that of V
~

(t)

1 Notice that, in principle, this solution can have explosive behaviour, depending on the sign and the 
magnitude of the piece-wise constant function c

t
. However, we point out that (10) applies to the forward 

measure Qk, whose numeraire expires at T
k
, which is usually the maturity of the payout one needs to 

evaluate. With market values of model parameters, c
t
 can actually be positive but it is extremely low, so that 

the expected explosion time is beyond any possible financial maturity. This will be confirmed below by 
numerical tests
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dV t M t V t dt V t dW a ,b t (12)

share the same kind of (lognormal) distribution as the standard, 
single-asset SABR model. However, the popular SABR formula 
comes from a driftless volatility with constant parameters, whereas 
here we have a volatility drift M(t), which is even time-dependent. 
Integrating (12), the volatility V(T

a
) at maturity T

a
 is:

V Ta e
M s ds

0

Ta

e
1
2

2Ta W Ta (13)

The same value at maturity T
a
 can be obtained by using driftless 

volatility dynamics and setting V(0) = exp{
0

T
aM(s)ds}. With this 

modified initial value, we can recover the desired distribution at 
maturity T

a
. However, European-style options do not depend only 

on the final value of volatility, but rather on the entire path fol-
lowed by the volatility from zero to T

a
. Thus, a more sensible 

approximation comes from matching the expected average volatility 
from the current time until maturity:

V 0 V0
a ,b :

Ea ,b V t dt
0

Ta

Ta

e
M s ds

0

t

dt
0

Ta

Ta

leading to:

SABR-compatibleLA : dV t V t dW a ,b t ,

V 0 V0
a ,b (14)

where V
_

0
a,b is clearly measure-dependent. This is the final step to define 

our closed-form formula for swaption pricing. Using the Hagan et al
(2002) notation, the SABR implied volatility Vol(K, T) for an option 
with strike K and expiry T is given by a closed-form formula:

Vol K ,T SABR , , , ,F0 ,K ,T

In our LMM, the implied volatility Vol
a,b

(K, T
a
) of a swaption with 

expiry T
a
 and tenor T

b
 – T

a
 is given by:

Vola ,b K ,Ta( ) = SABR V0
a ,bσ a ,b ,β,ρa ,b

V ,ν,Sa ,b 0( ),K ,Ta( ) (15)

One can devise more refined ways to map (12) into driftless dynam-
ics. For example, one could calculate option prices with no further 
approximation by using the SABR formula with time-dependent 
parameters, also derived by Hagan et al (2002). However, this simple 
approximation based on the classic SABR formula already proves to 
be acceptably precise, as the following tests will show.

Testing the SABR LMM: numerical tests
We use antithetical variates and increase the number of scenarios so 
as to reduce the 98% one-sided Monte Carlo window on volatility 
to be less than 10 basis points. This is lower than the bid-ask spread 
on the most liquid swaptions (close-to-the-money, with maturities 
and tenors of a few years), often estimated at 30bp by expert trad-
ers. It is also much lower than the historical average swaption bid-
ask considered in the literature (see Fan, Gupta & Ritchken, 2007, 
who estimate it to be around 50bp of volatility, and even higher for 
contracts less liquid because of large maturity/far-from-the-money 
strikes). For dealing with the practical possibility of negative values 
(theoretically not possible), we use a modification of the Higham & 

Mao (2005) algorithm.2

The total errors between our closed-form swaption volatility for-
mula (15) and the volatility obtained by the non-approximated Libor 
model with constant elasticity of variance rates and volatility dynam-
ics (2) are reported, for a five-year/five-year swaption, in table A.

In spite of the approximations involved, the formula (15) appears 
definitely precise, with almost negligible errors for at-the-money 
and out-of-the-money swaptions, and an error by far within 30bp 
even in the worst case.

In this case, it is clearly difficult even to make a breakdown of the 
error. This task is more interesting when moving to the most chal-
lenging case in our dataset: the 10-year/10-year swaption. This is 
the swaption with the longest maturity and tenor among the liquid 
swaptions, which are those in the popular 10 10 strikes swaption 
cube. On this option we show a breakdown of the total error into 
its different components. The total error is as shown in table B.

The formula still appears precise, with an error within the 30bp 
threshold for all swaptions but one. However, the error still appears 
acceptable even in the worst case, around 50bp, the minimum bid-
ask considered in the related literature.

It is natural to wonder how this total error can be attributed to 
the different approximations involved. We attempt below the break-
down by comparing swaption volatilities calculated with the fol-
lowing dynamics:
i) LMM dynamics with:

dV1 t V1
2 t t t , k dt V1 t dW

k t

ii) LMM dynamics with:

65

2 Notice we do not assume an absorbing boundary at zero because in our tests it is not required for having a 
unique solution (we have  > 1/2), and because our rates have a no-arbitrage drift

Strikes Vol (MC) Vol (formula) Error (%) Error (bp)
S

a,b
(0)–1.00% 15.59% 15.77% 0.18% –18

S
a,b

(0)–0.50% 14.63% 14.72% 0.09% –9
S

a,b
(0)–0.25% 14.28% 14.34% 0.05% –5

S
a,b

(0)+0.00% 14.02% 14.04% 0.02% –2
S

a,b
(0)+0.25% 13.83% 13.83% 0.00% 0

S
a,b

(0)+0.50% 13.71% 13.69% –0.02% 2
S

a,b
(0)+1.00% 13.62% 13.61% –0.01% 1

S
a,b

(0)+2.00% 13.92% 13.93% 0.01% –1

A. Swaption 5y5y: testing the formula versus Monte 
Carlo, with implied volatility errors

Strikes Vol (MC) Vol (formula) Error (%) Error (bp)
S

a,b
(0)–1.00% 12.87% 13.44% 0.57% 57

S
a,b

(0)–0.50% 11.89% 12.19% 0.30% 30
S

a,b
(0)–0.25% 11.51% 11.70% 0.19% 19

S
a,b

(0)+0.00% 11.22% 11.32% 0.10% 10
S

a,b
(0)+0.25% 11.00% 11.04% 0.04% 4

S
a,b

(0)+0.50% 10.87% 10.87% 0.00% 0
S

a,b
(0)+1.00% 10.82% 10.80% –0.01% –1

S
a,b

(0)+2.00% 11.27% 11.35% 0.09% 9

B. Swaption 10y10y: testing the formula versus Monte 
Carlo, with implied volatility errors
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dV2 t V2 t M 2 t dt V2 t dW k t

iii) LMM dynamics with:

dV3 t V3 t dW
k t , V3 0 V0

k 1, k

iv) SMM with swap rate instantaneous volatility 
a,b

, instantaneous 
correlation V

a,b
, and stochastic volatility dynamics:

dV4 t V4 t dW a ,b t , V4 0 V0
a ,b

Since i) is the actual model dynamics (2) before any approxima-
tion and ii) is the solution-based dynamics (11) after the lognormal 
projection, the difference between i) and ii) is a good indication of 
the error due to what we called LA (which includes also the effect 
of drift freezing in (7)). The difference between ii) and iii) is an 
indication of the error due to the approximation of the lognormal 
dynamics dV

2
(t) with dV

3
(t), a driftless dynamics with modified ini-

tial volatility introduced to be compatible with the SABR formula 
(SABR-compatible approximation).

The difference between iii) and iv), instead, is the error due to 
the passage from an LMM to an SMM using approximations (4) 
and (5) (we called it the LMM-SMM approximation). Since in iv) 
the dynamics specification is the same underlying the closed-form 
formula (15), it is clear that the remaining error is due to the 
approximation error intrinsic in the Hagan et al (2002) SABR for-
mula (which is well known to lose accuracy for long maturities). 
The results are reported in table C.

The results show that the lognormal approximation is well founded, 
leading to a very limited error.3 The error due to the drift elimination 
in the SABR-compatible approximation (which could be avoided by 
moving to the SABR formula with time-dependent parameters) is 
higher but still limited. The error due to the passage from the Libor 
model to swap model parameters is significant, but still in line with 
results for similar approximation reported by Andersen & Andreasen 
(2002) and Jäckel & Rebonato (2000).

The major part of the error, as expected, is due to the Hagan et al

(2002) approximation, and therefore unavoidable in any attempt to 
close, as much as possible, the gap between the market standard for 
simple interest rates derivatives (which uses the Hagan et al approx-
imation) and the market standard for complex derivatives (which 
uses Libor models and would like them to be distributionally as 
close as possible to the SABR model). In particular, notice that it is 
the Hagan et al approximation that is responsible for the uneven 
distribution of the errors across strikes.

In the end, we introduce a market swaption with a very large matu-
rity, the 30-year/five-year. In this case the formula may be expected to 
perform badly, since the precision of the Hagan et al (2002) approxi-
mation and the LMM-SMM approximation tends to worsen with the 
increase in variance of the underlying and of the stochastic volatility 
due to the increased maturity. Instead, the error due to the Hagan et al
approximation and to the LMM-SMM approximation remains lower 
than 25bp in the worst case. Looking at the results of the test, this 
appears due to the fact that, when including long maturity swaptions, 
we include rates with lower volatility and smiles where the skew part is 
dominant compared with the convexity. This implies different rate-
volatility correlations, and a different volatility of volatility, with some 
benefits for the performance of the two approximations tested.

After this numerical verification of our results, we can test their 
financial significance, in terms of regularity of the calibrated param-
eters and goodness of out-of-sample pricing.

Testing the SABR LMM: empirical tests
We test the model on euro swaption data as of June 8, 2006, con-
sidering liquid swaption smiles for maturities of one year, five years 
and 10 years, and tenors of two years, five years and 10 years, and 
also all at-the-money quotations of a standard 10  10 swaption 
matrix. We first test the case of zero correlations 

k,V
 between inter-

est rates and their volatility. In this case, the volatility drift is zero 
under any measure, and no approximation of the volatility dynam-
ics is required for an explicit pricing of swaptions. We obtain a mean 
(absolute) calibration error of 23.24bp.

Assuming a general correlation 
k,V

 0, the volatility dynamics 
changes with the pricing measure.4 There are two main issues we 
want to address: regularity of model parameters, possibly affected by 
the approximations used in the volatility drift; and implications for 
the implied prices of derivatives out of the calibration sample.

Using the solution-based dynamics (11), the calibration to the 
swaption data above can be performed with a mean error of 9bp, a 
clear improvement compared with that obtained under 

k,V
 = 0. As 

for the resulting parameters, the calibrated volatilities 
k
are regular 

and consistent with market patterns (see table D).
The volatility corrections V

_
0
a,b are quite stable and relatively small, 

which may give rise to suspicion that the no-arbitrage drifts on the 
volatility are irrelevant, and that equivalent results could already be 
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3 With respect to the theoretically possible explosion of the volatility solution, we point out that, defining a 
‘volatility explosion’ as an increase of volatility by 10 times compared with its initial level, in Monte Carlo 
tests for a 10-year/10-year swaption we find 1,510 ‘volatility explosions’ every 100,000 scenarios when we 
just simulate a standard lognormal martingale volatility. When we simulate the true, potentially explosive 
dynamics, and the lognormal approximation that mimics its behaviour, we find, respectively, 1,589 and 
1,599 ‘volatility explosions’. Being at the same level as a standard martingale (as confirmed also by the 
similarity of the resulting volatilities), the volatility explosion of the actual dynamics does not appear to be a 
practical problem for the maturities we see in the market (additionally, in the five-year/five-year simulation 
example, we had less than one ‘explosion’ every 1,000 scenarios)
4 Notice that the global correlation matrix including cross-rate correlations and rate-volatility correlations 
must be positive semi-definite. We tackle this problem by using the correlation structure described in Mercu-
rio & Morini (2007a)

Strikes Error V
1
 – V

2
Error V

2
 – V

3
Error V

3
 – V

4

(lognormal (SABR-compatible (SMM-LMM
approx) approx) approx)

S
a,b

(0)–1.00% 0.5 3.8 –6.5
S

a,b
(0)–0.50% 0.5 3.4 –1.1

S
a,b

(0)–0.25% 0.5 3.3 1.0
S

a,b
(0)+0.00% 0.5 3.2 2.6

S
a,b

(0)+0.25% 0.6 3.2 3.4
S

a,b
(0)+0.50% 0.8 3.4 3.9

S
a,b

(0)+1.00% 1.1 3.9 4.5
S

a,b
(0)+2.00% 1.9 5.1 4.4

C. Testing the different approximations (implied vol 
errors in bp)

k 1 2 3 4 5 6 7 8 9 10

k
0.089 0.088 0.088 0.085 0.086 0.080 0.082 0.079 0.081 0.069

k 11 12 13 14 15 16 17 18 19

k
0.068 0.067 0.072 0.067 0.066 0.062 0.056 0.056 0.054

D. Calibrated volatilities
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found under the trivial approximation (6), which in fact gives a cali-
bration error of 9.03bp with analogous regularity of parameters. 
However, the ability to fit market data with regular parameters is 
only one aspect to consider in judging a pricing formula. One of the 
most important practical aspects to consider is the effect on the pric-
ing of derivatives not included in the calibration set. It is in such a test 
that we want to see if the equation-based (9) and solution-based 
dynamics (11) give results that are practically different from those 
obtained with the trivial ‘no- drift’ approximation (6), which radi-
cally neglects the no-arbitrage effects induced by a measure change. 
To this end, we limit the calibration set to smiles with maturities of 
one, two and 10 years, and we price, with the above approximations, 
swaptions not included in our calibration set. As an example, here we 
concentrate on the liquid five-year/two-year swaption.

The first finding is that the difference between the implied volatili-
ties obtained with the trivial ‘no-drift’ approximation and the vola-
tilities obtained with our equation-based and solution-based approxi-
mations appear higher than the bid-ask spread on such options, 
surpassing 100bp.5 Secondly, we can compare the results obtained by 
the three approximations with the market quotations (see table E).

This simple case shows that the consistency with out-of-sample 
market quotes is clearly improved by taking into account the proper 
volatility drift correction through our approximations, in particular 
with the solution-based dynamics. In Mercurio & Morini (2007b), 
further tests on out-of-sample swaptions are reported.

Conclusions
We propose an arbitrage-free implementation of an LMM consist-
ent with SABR dynamics, designed to remain simple and synthetic 
but providing, at the same time, a good fit to market data. We cal-
culate the joint dynamics followed by Libor rates and stochastic 
volatility of the SABR kind under forward Libor and swap meas-
ures. The volatility’s stochastic differential equation under a for-
ward or swap measure turns out to be non-standard, compared 
with other results in the related literature. Based on the analysis of 
the equation found, we develop and justify theoretically approxi-

mations aimed at making these no-arbitrage adjustments compati-
ble with the use of the SABR option pricing formula.

The approximations we develop are then tested numerically against 
Monte Carlo and empirically by calibration to real market data. We 
verify that the formulas properly accounting for no-arbitrage correc-
tions are acceptably precise, allow for a good fitting of market data, 
and produce regular Libor parameters. When pricing derivatives out 
of the calibration sample, we find that our no-arbitrage drift correc-
tions already have a non-negligible impact on vanilla options, and 
that the corrections make out-of-sample model prices closer to mar-
ket quotes, compared with the prices implied by the trivial model, 
where such corrections are set to zero. 
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5 This is also much higher than the difference between the true Monte Carlo price and the approximated 
formula for similar swaptions (see the five-year/five-year test in the previous section)

Strikes Market Error: Error: Error:
vols trivial eq-based sol-based

S
a,b

(0)–1.00% 16.86% 91.5 40.7 30.4
S

a,b
(0)–0.50% 15.81% 47.2 17.5 12.4

S
a,b

(0)–0.25% 15.45% 22.5 5.3 3.1
S

a,b
(0)+0.00% 15.20% 3.7 7.5 6.5

S
a,b

(0)+0.25% 15.04% 29.3 19.0 14.8
S

a,b
(0)+0.50% 14.96% 53.6 28.9 21.7

S
a,b

(0)+1.00% 15.01% 96.7 45.4 32.6
S

a,b
(0)+2.00% 15.57% 150.8 61.0 40.7

E. Out-of-sample pricing
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