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ample using several US equities. For a more detailed mathematical treat-
ment we refer the reader to Almgren & Chriss (1999). For a discussion of
how liquidity affects the notion of value at risk, see Almgren & Chriss (1999)
and Lawrence & Robinson (1995).

A non-technical overview
Here, we give a non-technical overview of optimal liquidation, omitting
mathematical details and focusing on the qualitative aspects of the theo-
ry. The aim of the theory of optimal execution is to calculate the value of
a portfolio under liquidation, supposing that trading is conducted from the
present time to some fixed future time. To get at this, we need two pieces
of information about the portfolio:
� the variance/covariance structure of the portfolio; and
� the transaction cost functions of the assets in the portfolio.

Transaction cost functions express the relationship between the trading
rate and the premium or discount one must pay or concede to effect a
trade. Put simply, the more rapidly one trades, the more demand this places
on the market and these demands will only be met at a premium over (for
a purchase) or a discount to (for a sale) the current market price. The spe-
cific premium/discount depends on the extent of the demand and partic-
ular features of the security. These are captured together in the security’s
transaction cost function. Calculating transaction cost functions is a part of
market microstructure theory, and has been studied extensively. It turns
out to be very difficult to predict the cost of a single trade in detail. How-
ever, over a large number of trades, the prediction errors become small
relative to costs so that well-specified trading models are useful tools for
predicting aggregate trading costs. 

In liquidating a basket of securities over a fixed period, two things occur.
First, for a particular choice of trading path there will be an effect on the
market, determined by the rate of trading at each point along the path.
The total cost of trading is the sum of the effect on the market at each
point in time. Second, at each point along the trading path the unexecut-
ed portion of the portfolio is exposed to subsequent market moves. Thus,
the form of the trading path determines the total uncertainty in trading rev-
enue. For example, trading rapidly in the first instant of trading decreases
risk rapidly, because the reduction in market exposure is felt for the en-
tire life of the trade. Naturally, the decrease in risk comes at the cost of
higher market impact. That said, the problem at the heart of optimal exe-
cution is simple: for a given level of trading risk, find the trading trajecto-
ry that minimises cost. This sounds simple, and in fact fairly straightforward
calculations yield explicit formulas for optimal trading paths if two condi-
tions are met. One, the stocks must follow a simple random walk, and two,
transaction costs must be quadratic in total trading cost. We will discuss
the ramifications of these assumptions with regard to the theory, but first
we finish our exposition of value under liquidation.

With the background out of the way, it is straightforward to calculate
value under liquidation. We proceed as follows:
� determine the most tolerable level of uncertainty in trading revenue for
the liquidation in question;
� calculate the optimal trading trajectory for this level of uncertainty; and

L
iquidity is the readiness with which an asset can be con-
verted into cash. Readiness describes the degree of trans-
action costs, time and uncertainty needed to effect a
transaction. Consider a portfolio held by a financial institu-
tion. The marginal utility of this portfolio depends on how
value will be extracted from it. If its value can only be utilised

through full liquidation, its marginal utility will depend heavily on its liq-
uidity. This paper makes this notion precise by studying what we call value
under liquidation and lays down a framework for determining the value of
a portfolio when it has to be liquidated over a fixed period.

Our main conclusion is that value under liquidation is best viewed as an
expected value with an associated risk. The finite liquidity of markets makes
it impossible to liquidate a portfolio instantly and therefore the value of any
portfolio under liquidation has a random component due to market move-
ments during liquidation. As we cannot know for sure prior to trading what
the final revenue of the liquidation will be, the best we can do is determine
the statistical average or expected value that liquidation will yield. This value
is uncertain, and this uncertainty represents a risk to any organisation that
intends to use funds derived from liquidation. What we will show is that the
level of uncertainty, called the revenue risk, may be controlled by modu-
lating the way the portfolio is traded. To decrease risk, one may trade more
rapidly. But while increasing the speed of transacting does decrease risk, it
also increases transaction costs, highlighting a trade-off between revenue
risk and the cost of trading. Decrease one and you increase the other.

A key determinant of value under liquidation is the risk aversion of the
holder of the portfolio or, more precisely, of the ultimate beneficiary of
the proceeds of the liquidation. Risk aversion refers to a particular level of
tolerance for discrepancies between portfolio mark-to-market and actual
trading revenue, and value refers to statistical expected value. The fol-
lowing example illustrates the problem.

A portfolio is worth $2 billion on paper today, and a firm has five days
to liquidate it completely. Transaction cost estimates indicate that liquidat-
ing in equal packets over five days minimises transaction costs at 3% of
portfolio value so that the expected revenue of the trade is $1.94 billion
(this assumes that there is no drift in price movements). This action, un-
fortunately, also maximises opportunity cost due to market volatility. The
standard deviation of the expected revenue in this case is, say, 4.2%, so an
adverse one-standard-deviation move during trading leaves the portfolio
value at $1.85 billion. On the other hand, following a more risk-averse trad-
ing path – ie, trading more rapidly during the first part of the liquidation
and thus reducing holdings – transaction costs are slightly higher, at 3.5%,
but opportunity cost is significantly reduced to 1.5%. Now an adverse one
standard deviation produces $1.9 billion in trading revenues. Of course, to
achieve this less risky trade, the expected transaction costs were increased
from 3% to 3.5%. The question is: what is the “correct” course of action to
take? And the answer is, of course, that it depends entirely on risk aversion. 

This paper describes the elements of optimal execution theory neces-
sary to calculate optimal trading trajectories and portfolio values under liq-
uidation. In the next section, we describe this theory in a non-technical
manner. Then we describe some of the mathematics, and end with an ex-

Value under
liquidation

Many of our readers have requested more technical articles on liquidity. Here, we oblige
with two ground-breaking papers. The first, by Robert Almgren and Neil Chriss, shows how
traders can account for both liquidity and transaction costs in a portfolio theory framework
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efficient frontier

� calculate the expected value of trading revenue liquidating over this tra-
jectory.

Value under liquidation is the expected value of trading along the op-
timal trajectory. Note that value is not actually a solid, single value; it is the
statistical expected value of the liquidation and is subject to uncertainty.
The uncertainty is unavoidable as it results from the market movements
that will be experienced while trading. The only thing one can control is
the level of uncertainty, and this is determined by risk management poli-
cy ahead of trading, and thus is a manageable uncertainty. 

Optimal execution
We now proceed with a more technical treatment of the above exposition,
focusing on the mathematical assumptions, the formulas for optimal tra-
jectories and, finally, the ramifications and realism of the assumptions. The
treatment here is brief. For a more detailed discussion, see Almgren &
Chriss (1999). 

First, assume we have a basket of securities S1, S2, ... , SN, each fol-
lowing an arithmetic Brownian motion:

where the coefficient µi is the drift, the coefficient σi is the volatility and
dzi is a standard Brownian motion. Moreover, suppose there is a known
covariance matrix Σ relating the dzi’s. In what follows, we set µi = 0, re-
flecting the idea that at the time of liquidation we will have no particular
view of what direction the stock will move. The formulas and results that
follow are predicated on the fact that µi = 0. To see what happens in the
case where µi ≠ 0, see Almgren & Chriss (1999). Assume we want to liq-
uidate from now (time 0) to later (time T) and that we will trade over equal-
ly spaced periods of time t1, t2, ... , tM, where τ = ti – ti – 1 is constant.
We describe the transaction cost functions in terms of the number of shares
traded over the period of time τ. 

Microstructure theory identifies two components of the cost of trans-
acting: permanent and temporary. Permanent costs refer to market impact
that persists for the life of the liquidation. That is, if we execute a trade
and in so doing the market moves its consensus view of the price, then
this impact will be felt in subsequent transaction levels. Temporary costs
refer to purely liquidity-based costs that reflect the market’s short horizon
premium for providing liquidity. These costs are not reflected in subse-
quent transaction prices and are thus referred to as temporary. For the tem-
porary impact function of security i, we want to know the “price” of trading
n shares (where n > 0 means buy and n < 0 means sell) in the period τ.
We express this as a function of the rate of trading per unit time τ:

where ε is a fixed cost and sgn is the sign function. This says simply that
the cost per share of trading n shares is a fixed cost plus a cost propor-
tional to the size of the trade. Note that since the cost per share is linear
in the trade size, the cost is quadratic in total quantity traded. Similarly, we
set the permanent impact function (a function of the rate of trading per
unit time τ) to be linear in the shares traded:

Now, we describe the trading trajectory for asset i as a list of numbers
nji, j = 1, 2, ... , M representing the number of shares to trade between
time tj – 1 and tj. We write:

for the total number of units of asset i to liquidate. Given this, we have the
expected cost of trading asset i along the trajectory given by Νi = (n1i, n2i,
... , nT–1i) is written E[cost|Νi] and is given by the formula:
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Next write xji for the number of units of asset i held in the portfolio at
time j. Then the variance of the cost of trading along the trajectory Νi, writ-
ten V[cost|Νi], is given by the formula:

Note that the value of security i under liquidation is simply the initial value
less the expected cost of trading, ie, if Si0 is the value of security i at time
t0 then the value under liquidation is given by:

and the value of the portfolio under liquidation is simply given by sum-
ming over the different trajectories. Now write Ν for the trajectories of all
the assets in the portfolio and write E[cost|Ν] for ΣE[cost|Νi], where the
sum is across all securities, and write V[cost|Ν] = ΣV[cost|Νi]. Now for
a fixed constant λ > 0, define the cost of Ν as:

The parameter λ is called the trading risk aversion. For a fixed level of
expected cost and variance of cost, we can see that increasing risk aver-
sion increases cost. Now, the idea of optimal liquidation is to find the tra-
jectory that minimises cost, ie, to solve the problem:

where the minimisation takes place across all trading trajectories. The prob-
lem may be solved explicitly in the case where securities follow an arith-
metic random walk and impact functions are quadratic in total transaction
size. For a portfolio consisting of a single security, the optimal trajectory
is given by the formula:

(2)

where nj is the number of shares to be traded at time tj and N is the total
number of shares of the security in the portfolio. The constant κ, which
for reasonably small τ is well approximated by the above formula, deter-
mines the curvature of the optimal trajectory and depends only on the level
of risk aversion, the temporary impact parameter and the variance of the
security. Note that, qualitatively, the path becomes more curved as risk
aversion and variance increase, and less curved as trading costs grow. The
more curved the trading trajectory, the more rapidly one trades, and thus
the more the risk is reduced. Optimal trajectories for portfolios have more
complicated formulas, which depend on the variance/covariance matrix
Σ. See Almgren & Chriss (1999) for more details.

With the formulas for the nj in hand, it is straightforward to calculate
the expected cost of liquidation and, therefore, the value under liquida-
tion. All one needs to know are six parameters:
� the total time for liquidation T – t0;
� the risk aversion coefficient λ;
� the temporary impact cost parameter η;
� the permanent impact cost parameter γ;
� the securities volatility σ; and
� the total number of units to liquidate N.
Using equations (1) and (2) we can calculate the value under liquidation.

Before turning to the examples, we note that the parameter κ has an
interesting interpretation. Write θ = 1/κ and call this the half-life of the
trade. It is a measure of the liquidity of an asset under liquidation and in-
tuitively represents the timescale for liquidating a security in the case where
there are no time constraints placed on trading. Technically, it represents
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the amount of time one would take to liquidate a factor of e of the secu-
rity with no time constraints. See the section below and figure 3 for study
of the cross-section of half-lives in US stocks.

Examples
Here, we provide graphs and examples illustrating the main points of op-
timal execution and value under liquidation. To start, we note that for each
level of risk aversion λ > 0 there is a unique optimal trading trajectory Νλ
that is optimal, ie, that has minimal variance for its level of cost. For a tra-
jectory Ν, we can calculate its expected value E[cost|N] and its variance
V[cost|N]. If we plot these points in two dimensions for every possible
trajectory, we will end up with a curved region whose boundary is the set
of optimal trajectories. We call this boundary the efficient frontier of opti-
mal execution. We now illustrate the entire theory for IBM stock based on
data for April 30, 1997, supplied by ITG Incorporated.

Figure 1 shows the efficient frontier for trading 1 million IBM shares
over a five-day time horizon. There are three points on the frontier, la-
belled A, B and C. The trajectory corresponding to point A represents a
very risk-averse trader, point B represents a moderately risk-averse trader
and point C represents a risk-neutral trader.

Figure 2 shows the trajectories represented in the efficient frontier in fig-
ure 1. Trading along the trajectories in this figure represents three different
trading strategies. Notice that strategy A, the very risk-averse strategy, de-
mands very rapid trading, while strategy C, the risk-neutral strategy, trades
as slowly as possible while still completely liquidating within five days.

Figure 3 shows the characteristic times for a stratified sample of US
stocks. Each point in the figure represents a different US stock. Its posi-
tion is determined by its temporary impact parameter (vertical axis) and
its volatility in dollars per day (horizontal axis). The dashed lines are lines
of constant characteristic time. Two stocks lying on the same line have the
same characteristic time and, therefore, would have the same value under
liquidation for a given level of risk aversion and a given number of shares.
Each adjacent pair of lines differs by a factor of √10. 

Table A shows the values under liquidation for 1 million IBM shares
where liquidation will take place over a five-day horizon. The values are
derived from the trajectories in figure 2. Note that, depending on the level
of risk aversion, trading costs differ by almost a factor of more than three.
However, the uncertainties, as measured in standard deviation of dollars,
differ by a factor of more than five. Note also that the risk-neutral trad-
er has an expected liquidation cost of $930,000 with a standard devia-
tion of $1.977 million. The moderately risk-averse trader (trader B) has
an expected cost of $1.34 million with $1.039 million standard deviation,
which is significantly less risk. This is a result worth noting: because the
efficient frontier (figure 1) is smooth at its minimum point, one can ob-
tain a first-order reduction in risk while only paying a second-order in-
crease in cost. �
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Risk aversion Value Cost Std dev
Very risk averse $155.60 $2.736 $0.361
Moderately risk averse $156.80 $1.345 $1.039
Risk-neutral $157.07 $0.930 $1.977

A. Values under liquidation for 1 million
IBM shares
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