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ABSTRACT

Expanding the realized variance concept through realized skewness and kurtosis is
a straightforward process. We calculate one-day forecasts for these moments with
a simple exponentially weighted moving average approach. Once the forecasts are
computed, we apply them in a method of moments to fit a sophisticated distribution.
The normal inverse Gaussian distribution is appropriate for this purpose because it
exhibits higher moments, and a simple analytical solution for the method of moments
exists. We then calculate the value-at-risk for the Deutsche Aktienindex (DAX) using
this technique. Although the model is comparatively simple, the empirical analysis
shows good results in terms of backtesting.

Keywords: value-at-risk; intraday data; realized moments; normal inverse Gaussian distribution;
method of moments; EWMA.

1 INTRODUCTION

Despite well-known drawbacks, such as the lack of subadditivity (Artzner 1999),
value-at-risk (VaR) is still the dominant method in risk management for estimating
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downside risk. Assuming a certain level of confidence 1 � � , VaR.�/tC1 of an asset
is defined as the number such that the probability that the asset’s next-day return
rtC1 will be below �VaR.�/tC1 is � W Pr.rtC1 < �VaR.�/tC1 j ˝t / D � , where
˝t is the information set available in t . From a statistical point of view, VaR is
closely related to the quantile functionF �1 of a distribution of returns: VaR.�/tC1 D
�F �1.�/. Although there are numerous, sophisticated methods for calculating VaR,
its computation is often based on simple concepts, such as Gaussian assumptions or
historical simulations (Pritsker 2006).

The inherent complexity of the more accurate models is at least one reason for their
infrequent use; as a result, an incorrect (but clear) VaR method is often employed.
Another, more objective, explanation for avoiding the more complex models is model
risk, ie, the fewer parameters employed in an estimate, the less chance there is for
something to go wrong. Nevertheless, strong empirical evidence from as early as
Mandelbrot (1963) argues that the Gaussian distribution is unable to correctly cap-
ture the characteristics of financial returns. Gaussian distributions cannot reproduce
stylized facts (see, for example, Cont 2001) of financial time series, such as autocor-
relation and leptokurtosis, which is particularly problematic when dealing with the
distribution tails that typically occur in a VaR.

The goal of VaR is to determine the regulatory capital required to cover unexpected
losses resulting from risks. These regulatory requirements are set out in Basel II/III
for banks and in Solvency II for insurance companies. Because equity is expensive, it
is desirable to assign only the amount that is necessary (but sufficient) to cover losses.
To calculate this amount, we need a model that is accurate; better yet would be one
that also keeps the VaR as low as possible. This paper offers an alternative method
for calculating VaR that is simple yet comprehensive and keeps the VaR comparably
small. Based on intraday data from the Deutsche Aktienindex (DAX), we compute
forecasts for the empirical moments and use them to parameterize the normal inverse
Gaussian (NIG) distribution within a method of moments. Once this is complete,
obtaining the VaR is easy.

Recent efforts to calculate VaR utilize parametric models based on the theory of
realized variance (RV). RV (see, for example, Andersen and Bollerslev 1998; Ander-
sen et al 2003; Barndorff-Nielsen and Shephard 2002) is defined as the sum of squared
intraday returns over a specified time interval, for example, one day.1 RV is a reliable,
model-free proxy for the actual (nonobservable) variance. To calculate VaR within
a given financial return time series, a standard procedure is to include RV as an
external variable in an autoregressive conditional heteroscedasticity (ARCH) process

1 The term “realized volatility”, which is more common in the literature, is merely the positive
square root of the realized variance.
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so as to model the variance more accurately. This concept, known as generalized
autoregressive conditional heteroscedasticity-X (GARCH-X), can be traced back to
Engle (2002). Shephard and Sheppard (2010) state that the squared return term in a
GARCH-X model has only marginal explanatory power. They thus introduce a high-
frequency-based volatility (HEAVY) model that calculates tomorrow’s variance only
as a function of today’s variance and today’s realized variance. Furthermore, Hansen
et al (2012) formulate the realized GARCH as a generalization of the GARCH-X.
Nevertheless, there is some disagreement in the literature as to whether RV actually
improves VaR calculations. Giot and Laurent (2004) compare VaR calculations with
ARCH models and RV models and find no improvement in the latter. Clements et al
(2008) argue that models incorporating RV improve VaR calculations in the case
of currencies. Beltratti and Morana (2005) investigate long-memory models with
high-frequency data and identify superior performance.

A smaller strand of the literature takes a different approach and allows higher
moments to have a time-varying property. Time-varying moments are not a new con-
cept (see, for example, Turtle et al 1994; Bond and Patel 2003), but Brooks et al
(2005) were the first to build a structured framework for a time-varying kurtosis and
provide applications for different daily financial returns. Incorporating realized skew-
ness and kurtosis in models is a straightforward extension of RV, according to Amaya
et al (2015), who use both to predict stock returns. As for time-varying moments, Liu
(2012) applies the Cornish and Fisher (CF) approximation to standardized realized
higher moments when calculating VaR (Cornish and Fisher 1937). The present paper
uses the flexible NIG distribution (Barndorff-Nielsen 1997), which provides clearly
better results in terms of backtesting.

In Section 2 of this paper, we derive the theoretical background and build the model.
Section 3 provides a description and analysis of the data, and we compute, backtest
and compare the VaR with the results of other VaR methodologies. Section 4 discusses
possible extensions of the presented method.

2 BUILDING THE MODEL

2.1 Standardized realized moments

The availability of intraday data has resulted in this information being integrated in
several recent models.Along with meeting the statistical demand of using all available
data, RV can also serve as a model-free proxy for the actual (nonobservable) variance.
The i th intraday log return on day t is

rt;i D lnpt;i � lnpt;i�1; (2.1)
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with pt;i as the i th price on day t . The realized variance is simply calculated as the
sum over N squared returns:

RVt D

NX
iD1

r2t;i : (2.2)

With regard to the ordinary moments, generalizing this concept to realized moments
yields

RM.or/t D
NX
iD1

ror
t;i ; (2.3)

with RM.or/ the realized moment of order,

or D 1; 2; 3; : : : :

Obviously, choosing or D 2 results in RVt .
In Section 2.3, we calculate the parameters of a distribution with a method-of-

moments procedure, for which we need standardized rather than unstandardized
moments. The term “standardized realized moments” refers to realized variance,
realized skewness and realized kurtosis, the latter two of which are standardized
by definition. Amaya et al (2015) define standardized realized skewness and kurtosis
as follows:

RSt D

p
N
PN
iD1 r

3
t;i

RV3=2t
(2.4)

and

RKt D
N
PN
iD1 r

4
t;i

RV2t
: (2.5)

The purpose of dividing the realized third (fourth) moment by RV3=2t .RV2t / is to
achieve standardization similar to that of ordinary moments. Scaling by

p
N .N/

ensures that RSt .RKt / is on a daily level.

2.2 Forecasting realized moments

In Section 2.1, we calculated only today’s realized moments. To compute the VaR
for the next day, we need accurate forecasts of tomorrow’s realized moments. Ever
since the seminal work of Engle (1982) and Engle and Bollerslev (1986), it has
become standard procedure in financial time series analysis to use a time-varying
variance. The idea of constructing a time-varying framework for the kurtosis to allow
for separate behavior dates back to Brooks et al (2005). A simple but nonetheless
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feasible updating schema is the exponentially weighted moving average (EWMA),
adapted by JP Morgan and Reuters (1996) to the variance of the daily return rt :

�2tC1 D �t�
2
t C .1 � �t /r

2
t : (2.6)

Given yesterday’s variance forecast for today, �2t , and today’s squared return, r2t , the
variance forecast for tomorrow is �2tC1. 0 < �t < 1 is the decay factor. To begin
with, we use RVt instead of r2t in (2.6) because RVt is a better proxy than the squared
return for the recent variance. Applying and extending the EWMA for the remaining
higher realized moments is straightforward. According to Liu (2012),

M.or/tC1 D �or;tM.or/t C .1 � �or;t /RM.or/t ; (2.7)

with M.or/t .M.or/tC1/ as yesterday’s (today’s) forecast for the realized moment
of order “or” for today (tomorrow) and RM.or/t as today’s realized moment of order
“or”, although we are primarily interested in or D 2; 3; 4. As for �or;t , we assess two
different strategies.

(1) �or;t is fixed to � D 0:94 for all “or” and t , as suggested by RiskMetrics, for the
variance. If this strategy is undertaken, note that � is not estimated, as in other
empirical work, and the amount of data needed for the calculation decreases
dramatically.

(2) Find the optimal �or;t for each equation “or” in every t by minimizing average
squared errors using the information set available up to and including time t .2

After forecasts for the realized moments are obtained, we use them to compute fore-
casts for the standardized realized moments by simply replacing the sums .

PN
iD1 r

or
t;i /

in (2.2), (2.4) and (2.5) with the forecasts for the realized moments .M.or/tC1/.
We denote those forecasts as vtC1 (variance), stC1 (skewness) and ktC1 (kurtosis).
Finally, we apply them to parameterize a distribution that accounts for higher-order
moments. The NIG distribution is described below.

2.3 Normal inverse Gaussian distribution

For a distribution to be appropriate for our purposes, it must fulfill the following
criteria:

� be broadly accepted in the finance literature;

� exhibit higher moments;

� provide a simple, closed method-of-moments estimation.

2 To guarantee at least some persistence in the variance process, �or;t can be bounded above 0.5.
However, in this study we use 0 < �or;t < 1.
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The NIG distribution meets all three requirements. Because of its flexibility, it
is often used in a wide range of financial applications. Forsberg and Bollerslev
(2002) formulate a GARCH process with NIG innovations to model daily EUR/USD
exchange rates. Venter and de Jongh (2002) compare VaR based on the NIG distribu-
tion with extreme value theory VaR and find in favor of the former. Chen et al (2005)
calculate VaR with the NIG distribution for exchange rate and German bank portfolio
data using adaptive volatility estimation and show a perfect fit for their model. Chen
and Lu (2012) investigate simulated and real-world data and find that NIG-based
VaR estimation is robust and accurate for a forecasting horizon of one day (for other
applications, see, for example, Lillestøl (2000), Aas et al (2006) and Eriksson et al
(2009)). Using an NIG distribution instead of a Gaussian distribution results in a more
reasonable modeling of financial returns and therefore contributes to a more realistic
VaR calculation.

The NIG distribution (see, for example, Paolella 2007) has four parameters: steep-
ness .˛/, asymmetry .ˇ/, scale .ı/ and location .�/. The density can be written
as

fNIG.xI˛; ˇ; ı; �/ D
˛ı exp.ı

p
˛2 � ˇ2 C ˇ.x � �//

�
p
ı2 C .x � �/2

K1.˛
p
ı2 C .x � �/2/;

(2.8)
with x 2 R, 0 6 jˇj < ˛, ı > 0,� 2 R andK1 as the modified Bessel function of the
third type with index 1. A smaller value of ˛ implies a fat-tailed density. An increasing
value of jˇj yields skewness. Given the parameters of the NIG distribution, it is
possible to calculate the central moments as follows (see, for example, Kalemanova
et al 2007):

m D �C ı
ˇ

�
; (2.9)

v D ı
˛2

�3
; (2.10)

s D 3
ˇ

˛
p
ı�

(2.11)

and

k D 3C 3

�
1C 4

�
ˇ

˛

�2�
1

ı�
: (2.12)

Parameter estimation of the NIG distribution is typically performed with maximum
likelihood, but this is not always feasible because of the complexity of the likelihood.
By solving (2.9)–(2.12) for the parameters, we obtain a closed analytical method of
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moments solution under rather fair conditions .k� 5
3
s2�3 > 0 and 3k�4s2�9 > 0/:3

O� D m �
3s
p
v

3k � 4s2 � 9
; (2.13)

Oı D
33=2

p
v.k � 5s2=3 � 3/

3k � 4s2 � 9
; (2.14)

Ǒ D
s

p
v.k � 5s2=3 � 3/

(2.15)

and

Ǫ D

p
3k � 4s2 � 9

p
v.k � 5s2=3 � 3/

: (2.16)

When considering short time horizons, such as daily, the mean of returns is dominated
by the variance. Therefore, rejection of a zero mean return hypothesis is not possible
(see, for example, Christoffersen 2003). Thus, the mean m is set to 0.

2.4 Value-at-risk

Once we have the forecast for the standardized realized moments .vtC1, stC1 and
ktC1/, we parameterize the NIG distribution with (2.13)–(2.16). In this way, we
estimate the future return distribution for t C 1. On a confidence level .1 � �/, the
VaR for the next day is

VaRNIG.�/tC1 D �F
�1
NIG.� I Ǫ ;

Ǒ; Oı; O�/; (2.17)

whereF �1NIG.� I Ǫ ;
Ǒ; Oı; O�/ is the � quantile of the NIG distribution. This model is called

RM–EWMA–NIG. In general, the approach described in this paper can incorporate
any distribution, as long as the method of moments can be feasibly implemented.
As in Liu (2012), we can expand the Gaussian distribution to account for higher
moments by utilizing the CF approximation (Cornish and Fisher 1937). In this case,
the unknown quantile Qz� can be approximated as

Qz� � z� C
1
6
.z2� � 1/stC1C

1
24
.z3� � 3z� /.ktC1 � 3/�

1
36
.2z3� � 5z� /s

2
tC1; (2.18)

with z� the � quantile of the standard normal distribution; consequently,

VaRCF.�/tC1 D �Qz�
p
vtC1: (2.19)

Note that neither procedure needs a complex numerical optimization algorithm.

3 Ralf Werner offers a free NIG Toolbox that includes this computation. Eriksson et al (2009) provide
a solution for the method of moments that differs slightly from the one used here. This difference
is simply a result of using excess kurtosis instead of kurtosis.
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We compare the models with one semiparametric and two parametric models. For
this purpose, we choose models that are easy to estimate and allow higher moments
and a time-varying variance. Based on the GARCH-X of Engle (2002), Shephard and
Sheppard (2010) drop the squared return term because it has only marginal explanatory
power. They formulated the HEAVY model as

vtC1 D ! C ˛HRVt C ˇHvt ; (2.20)

with !; ˛H > 0 and ˇH 2 Œ0; 1/. The second part of their model provides a specifi-
cation for RVtC1 to calculate multistep-ahead forecasts, which is not required in our
case.4 We calculate

VaRHEAVY.�/tC1 D �t�;�
p
vtC1; (2.21)

where t�;� is the � quantile of the t -distribution with � degrees of freedom. We are
interested in discovering whether using intraday data actually improves theVaR. Thus,
the fourth model under consideration is a GARCH(1,1) framework with t -distributed
residuals and daily data (T-GARCH). We replace vtC1 in (2.21) with the GARCH
forecast to calculate the VaR. A filtered historical simulation (Barone-Adesi et al
1999; Hull and White 1998) that includes the same T-GARCH process is the final
and most complex alternative (T-FHS). The VaR is calculated as in (2.21), but we use
the N.1 � �/th value from the list of the descending-ordered standardized returns
instead of t�;� . This model produces very good results (Kuester et al 2006). However,
in their analysis, Kuester et al (2006) assume a skewed t instead of a t -distributed
innovation process in the GARCH model. Since it is well-established that heavy tails
are far more crucial in financial modeling than skewness, we refrain from modeling
skewness because, in contrast to the RM–EWMA–NIG model, incorporating skew-
ness disproportionally increases complexity. We use the data from 250 (1000) days
to compute the RV (daily) models. When we fix � at 0.94, the data for one day is
sufficient for calculating the VaR for the RM–EWMA models.

Using intraday data, by definition, means that there is a great deal of data to be
processed. What would happen if we instead used end-of-day data in the RM–EWMA
models? That is, we could simply replace the realized moments in (2.7) by the daily
end-of-day return to the power of the order of the corresponding moment. However,
this approach returns very poor p-values in the evaluation process. Squared returns,
for instance, tend to be a very noisy indicator of variance (Andersen et al 2001) and,
consequently, computed forecasts will be not reliable. RV, on the other hand, is a
reliable proxy for the actual variance and is, therefore, the better choice.

4 Kevin Sheppard’s website offers the MFE Toolbox, which includes the code for the HEAVY model
(www.kevinsheppard.com/MFE_Toolbox).
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3 EMPIRICAL ANALYSIS

3.1 Data

This analysis uses intraday data for the DAX from January 2, 2006 through December
30, 2011.5 Note that this time span includes the global financial crisis, which was an
extremely volatile period. On a typical working day the first (final) value is fixed at
09:00 (17:45); no trading occurs on weekends or public holidays. The time series
provides one unique value for every second.

To simplify the calculation, we forgo the use of an elaborate sampling algorithm
(see, for example, Zhang et al 2005). As the sampling interval tends toward zero (due
to market microstructure noise), the RV is a biased estimator of variance. We sample
every 300th value (this corresponds to sampling every five minutes).6

The unconditional higher-order moments of the end-of-day data show minimal
skewness (0.1006) and considerable kurtosis (8.9781), which is typical for financial
time series. This supports the use of sophisticated distributions, such as the NIG distri-
bution, which exhibit higher moments to model the data. To decide whether to choose
a conditional or unconditional model, we must determine if there is autocorrelation
in the data. Figure 1 on the next page shows the realized moments for the entire
period. All three parts of the figure are dominated by fluctuations at the end of 2008.
The figure nicely reveals how peaks in the realized variance coincide with peaks in
both other realized moments. Autocorrelation is obviously an issue for the realized
variance and fourth moment, but no concrete conclusion can be drawn as to whether
autocorrelation is present in the realized third moment; thus, we need statistical tests.
An analysis of the autocorrelation function (ACF) and partial autocorrelation function
(PACF) reveals that the realized variance exhibits strong autocorrelation, while we
find weak (considerable) autocorrelation in the realized third (fourth) moment.7

Table 1 on the next page shows the p-values of Ljung–Box and Breusch–Godfrey
tests with the null hypothesis of no autocorrelation in the realized mean,8 realized
variance and realized third and fourth moment. For the realized mean, the Breusch–
Godfrey test clearly suggests acceptance of the null hypothesis for the first three
lags. The p-value of the Ljung–Box test is 0.0476, indicating that the null hypothesis
is barely rejected, assuming a significance level of 0.05. However, due to the clear
result from the Breusch–Godfrey test, and based on the extant literature, we abandon
modeling the realized mean and subsequently assume it to be zero (see Section 2.3).

5 The data is provided by the Karlsruhe Institute of Technology (KIT).
6 This sampling frequency is in accordance with the literature (see, for example, Andersen and
Bollerslev 1998). However, the results are robust to variations in sampling frequency.
7 For brevity, the ACF and PACF are omitted.
8 This is the sum over all sampled returns of one day.
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FIGURE 1 Realized moments.
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(a) Realized variance. (b) Realized third moment. (c) Realized fourth moment. All on a log scale y-axis for clarity.
Corresponding formulas are given in (2.3).

TABLE 1 Tests on autocorrelation in realized moments.

Breusch–Godfrey‚ …„ ƒ
LB Lag 1 Lag 2 Lag 3

Realized mean 0.0476 0.2955 0.4882 0.6997
Realized variance 0.0000 0.0000 0.0000 0.0000
RM(3) 0.0000 0.0050 0.0157 0.0000
RM(4) 0.0000 0.0000 0.0000 0.0000

The table shows p-values of the Ljung–Box (LB) test and the Breusch–Godfrey test with lags from 1 to 3 under the
null hypothesis of no autocorrelation in the realized moments.
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For all other realized moments, the null hypothesis is rejected at a significance level
of 0.05 for all tests. This result differs from Liu (2012), who found no evidence of
autocorrelation in the realized third moment when analyzing the intraday data of IBM.
In any event, modeling conditional skewness in this instance comes at no additional
cost, in contrast to ARCH processes, where additional parameters always increase
the difficulty of estimation. In summary, autocorrelation is a crucial feature of our
data. We consider this property by including the EWMA approach (see Section 2.2)
in our model to compute conditional forecasts for the realized moments. In the event
the null hypothesis is accepted, we would need to use an unconditional rather than a
conditional model.

3.2 Backtesting

We calculate the VaR for the next day according to (2.17), (2.19) and (2.21) for all
models. If the next day’s return violates this VaR, 1 (otherwise 0) is noted. This
procedure is carried out for the full time series so as to generate a hitting sequence.

This paper employs a state-of-the-art technique for backtesting VaR violations. For
a detailed description of the following three tests, the reader should refer to Christof-
fersen (2003). T0 .T1/ is the number of 0s (1s) and T D T0 C T1. An unconditional
coverage (uc) test is initially performed to determine whether the expected fraction
of VaR violations � differs from the realized fraction �real D T1=T . Under the null
hypothesis � D �real, the likelihood ratio test-statistic,

LRuc D �2 ln

�
.1 � �/T0�T1

.T0=T /T0.T1=T /T1

�
; (3.1)

is asymptotically 	2 distributed with one degree of freedom and compared with a crit-
ical value of a given significance level. However, the “uc” test contains no information
on a clustering of VaR violations. To check for such dependence in the violations, we
conduct the independence .ind/ test. Let Tij , i; j D 0; 1, be the number of observa-
tions where a j follows an i . Under the null hypothesis of independence, the likelihood
ratio test statistic is

LRind D �2 ln

���
T0

T

�T0�T1
T

�T1�

�

��
T00

T00 C T01

�T00� T01

T00 C T01

�T01

�

�
T10

T10 C T11

�T10� T11

T10 C T11

�T11��1 �
: (3.2)

Again, the statistic is asymptotically 	2 distributed with one degree of freedom. To
account for both demands (correct fraction and independence) simultaneously, the

www.risk.net/journal Journal of Risk
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conditional coverage (cc) test combines both of the above tests:

LRcc D LRuc C LRind: (3.3)

Consequently, its test statistic is 	2-distributed with two degrees of freedom.
The fourth backtest is the dynamic quantile (dq) test of Engle and Manganelli

(2004). Given the VaR confidence level 1 � � , we redefine the hitting sequence (see
above) by subtracting � from each item of the sequence. The expected value of this
modified hitting sequence, as well as its conditional expectation given any information
known at time t , must be zero. Moreover, the modified hitting sequence must be
uncorrelated with its lagged values and lagged VaRs. If these conditions are satisfied,
the VaR valuations are uncorrelated and will have the correct fraction of violations.
To verify this, we set up a regression framework for the modified hitting sequence and
include the last four values of both explanatory variables. Under the null hypothesis
that all coefficients of this regression are zero, we can then construct a likelihood ratio
test that is 	2 distributed with six degrees of freedom.

3.3 Results

Even a simple Gaussian assumption will suffice to calculate VaR for lower confidence
levels (see, for example, Jorion 2007). This is because, even though financial returns
are leptokurtic, cumulative distribution functions of empirical and Gaussian distri-
butions tend to intersect around their 0.05 quantile. Therefore, this paper focuses on
higher confidence levels. Table 2 on the facing page shows the results of backtests at
confidence levels of .1 � �/ D 0:99, 0.995 and 0.999. p-values are given for “uc”,
“ind”, “cc” and “dq” tests with the null hypothesis that the VaR model cannot be
rejected.

For the 0.99 confidence level, the T-FHS and the RM–EWMA–NIG prove to be
the best models. �real is close to � , resulting in high p-values for the “uc” test .puc D

0:6101 and puc D 0:5417/. Both models pass the “ind”, “cc” and “dq” tests with
p-values not less than 0.5. The third best is the HEAVY model, which shows high
p-values except for the “dq” test .pdq D 0:2347/. Nevertheless, pdq is still well above
a significance level of 0.1. The HEAVY model has the highest p-value for the “uc”
test .puc D 0:7334/ because it meets the expected fraction of violations very well
.�real D 0:011/. At a significance level of 0.1, we must reject all other models for
at least one test. The RM–EWMA–NIG model, where we fix �, does surprisingly
well. Given a 0.05 significance level, we cannot reject the model. The RM–EWMA–
CF model fails the “dq” test .pdq D 0:0007/. When we fix �, the model passes the
“dq” test, but it still has to be rejected due to weak results in the “uc” and “cc” tests
.puc D 0:0009 and pcc D 0:0042/. The T-GARCH is only average because it misses
the expected fraction of violations .�real D 0:0055/.
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TABLE 2 Backtests on VaR calculations with confidence levels of 0.99, 0.995 and 0.999.

(a) 0.99

�real � puc pind pcc pdq

T-GARCH 0.0055 0.010 0.0759 0.7812 0.1992 0.7932

T-FHS 0.0086 0.010 0.6101 0.6620 0.7981 0.9695

HEAVY 0.0110 0.010 0.7334 0.5774 0.8080 0.2347

RM–EWMA–CF�D0.94 0.0023 0.010 0.0009 0.9054 0.0042 0.1555

RM–EWMA–NIG�D0.94 0.0078 0.010 0.4180 0.6911 0.6658 0.0572

RM–EWMA–CF 0.0078 0.010 0.4180 0.6911 0.6658 0.0007
RM–EWMA–NIG 0.0117 0.010 0.5417 0.5504 0.6945 0.9448

(b) 0.995

�real � puc pind pcc pdq

T-GARCH 0.0023 0.005 0.1339 0.9054 0.3229 0.9233

T-FHS 0.0039 0.005 0.5678 0.8428 0.8329 0.9942

HEAVY 0.0070 0.005 0.3286 0.7208 0.5821 0.8787

RM–EWMA–CF�D0.94 0.0016 0.005 0.0418 0.9369 0.1257 0.5936

RM–EWMA–NIG�D0.94 0.0039 0.005 0.5678 0.8428 0.8329 0.9531

RM–EWMA–CF 0.0047 0.005 0.8774 0.8119 0.9606 0.0000
RM–EWMA–NIG 0.0039 0.005 0.5678 0.8428 0.8329 0.9977

(c) 0.999

�real � puc pind pcc pdq

T-GARCH 0.0016 0.001 0.5547 0.9369 0.8373 0.8131

T-FHS 0.0016 0.001 0.5547 0.9369 0.8373 0.6617

HEAVY 0.0016 0.001 0.5547 0.9369 0.8373 0.9186

RM-EWMA-CF�D0.94 0.0008 0.001 0.7987 0.9684 0.9672 0.9989

RM-EWMA-NIG�D0.94 0.0016 0.001 0.5547 0.9369 0.8373 0.8051

RM-EWMA-CF 0.0063 0.001 0.0001 0.7508 0.0003 0.0000
RM-EWMA-NIG 0.0008 0.001 0.7987 0.9684 0.9672 0.9985

Backtesting results for the T-GARCH, T-FHS, HEAVY, RM–EWMA–CF and RM–EWMA–NIG models assuming con-
fidence levels of 0.99, 0.995 and 0.999. The subscript � D 0.94 indicates that the decay factor is fixed. �real.�/

represents the realized (expected) fraction of VaR violations to the total number of observations.p-values are given
for unconditional coverage (uc), independence (ind), conditional coverage (cc) and dynamic quantile (dq) tests with
the null hypothesis that the VaR model cannot be rejected: p 6 0.01 (boldface), 0.01 < p 6 0.05 (underlined) and
0.05 < p 6 0.1 (italic).
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FIGURE 2 Comparison of VaR and returns.
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Calculated VaR based on RM–EWMA–NIG for confidence levels of (a) 0.99, (c) 0.995 and (e) 0.999, together with
the corresponding returns, and calculated VaR based on T-FHS for confidence levels of (b) 0.99, (d) 0.995 and
(f) 0.999, together with the corresponding returns; average VaR is the average over all VaRs. (a) Average VaR =
0.03663. (b) Average VaR = 0.04008. (c) Average VaR = 0.04603. (d) Average VaR = 0.04509. (e) Average VaR =
0.07107. (f) Average VaR = 0.09038.

The results are not significantly different at the 0.995 confidence level. The T-FHS
and RM–EWMA–NIG models are still the best, but the RM–EWMA–NIG model
with fixed � is not too far behind. All three models pass all tests with high p-values
not less than 0:5. The HEAVY and T-GARCH models also perform better at this level,
though the former is still superior. The performance of the RM–EWMA–CF models
improves, especially the version with fixed �, but it is nonetheless still weak. Not
surprisingly, because fewer violations are expected and occur, across all models, the
p-values of the “ind” test (and, in most instances, for the “dq” test) are high.

At the 0.999 confidence level, all analyzed models do well. Because � is hit properly
and violations occur even less frequently, p-values are higher than 0.5 across all
models, with one exception. The RM–EWMA–CF model fails three of four tests at a
0.01 significance level because it clearly misses the expected fraction of violations.

In summary, three models cannot be rejected at the 0.1 significance level for all
tests: the T-FHS, the RM–EWMA–NIG and the HEAVY models. The results of the
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RM–EWMA–NIG model with fixed � are remarkable, considering that we use no
optimization algorithm for the variance.

Figure 2 on the facing page shows the returns and the corresponding VaRs for
confidence levels of 0.99, 0.995 and 0:999 for RM–EWMA–NIG and T-FHS, which
are the superior models. In general, both models show a similar pattern and adjust
rapidly to changes in volatility. The VaR of RM–EWMA–NIG tends to respond more
sensitively to massive price fluctuations and appears slightly more “jumpy”. This
is due to the non-mean-reverting nature of the EWMA, in contrast to the GARCH
models. From the perspective of the requirement that a VaR should be as high as
necessary but as low as possible, the VaR of RM–EWMA–NIG recovers much faster
from shocks, while the VaR of T-FHS tends to remain at a high level. Particularly at
the 0.999 confidence levels, both models show a conspicuously different pattern in
the last half of 2011, during which there was a long period of high price fluctuation.
The VaR of T-FHS during this period looks more jumpy and stays at a high level,
whereas the VaR of RM–EWMA–NIG has one high amplitude and decreases more or
less constantly to a normal level, which appears to be the more appropriate behavior.
In general, the VaR of T-FHS seems to show higher values than the VaR of RM–
EWMA–NIG. To quantify this visual impression, we calculate the average over all
VaRs. For the important confidence levels of 0.99 and 0.999, the average VaR is much
lower for the RM–EWMA–NIG (0.03663 and 0.07107) compared with the T-FHS
(0.04008 and 0.09038); that is, utilizing the T-FHS would require too much equity to
back up risk compared with the RM–EWMA–NIG.

4 CONCLUSION

Gaussian distributions do not adequately capture the behavior of financial returns,
especially when it comes to the tails of a distribution, which is the important region
in risk management and for VaR. The fit is poor because financial returns exhibit kur-
tosis and occur in volatility clusters. The literature contains many methods designed
to take these stylized facts into account, but the models are often complex and some-
times barely feasible. This paper presents an alternative approach for VaR calculation
based on realized moments. We computed forecasts for the realized moments with an
EWMA and used them to parameterize the NIG distribution in a method of moments.

Using this technique, we calculated the VaR for the DAX at confidence levels of
0.99, 0.995 and 0.999. Although our alternative VaR methodology is comparatively
simple, our results, in terms of backtesting, stack up well against the long-established
T-FHS. Even if we fix the decay factor of the EWMA, and thus simplify the pre-
sented method by considerably reducing the amount of data required, the results are
still convincing. The VaR is closely linked to the amount of (equity) capital a finan-
cial company must provide. In light of the maxim that a VaR should be as high as
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necessary but as low as possible, the RM–EWMA–NIG model is the best choice for
its calculation, because its average VaR is lower than the one from the T-FHS.

Although the presented approach already shows very interesting results, there are a
few extensions that might further improve it. Replacing the simple EWMA forecast for
the moments with a more sophisticated realized GARCH (Hansen et al 2012), HEAVY
or Corsi-type (Corsi 2009) forecast will allow mean reversion for the moments and
enable the derivation of multistep-ahead forecasts. But doing so will, of course, require
more complex estimation techniques. Although the NIG distribution is widely used
for financial data, we could use other distributions that meet the criteria outlined
in Section 2.3. For example, one possible second candidate is the tempered stable
distribution. A convenient feature of the method presented in this paper is that it
can encompass a portfolio point of view with realized covariance, coskewness and
cokurtosis.
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