
Appendix A. Finite versus
infinite-activity-Lévy-processes

Appendix Finite Infinite

Proposition A.1. From Rémillard (2013), let L be a Lévy process with
characteristics (a, b, k), where k is the Lévy measure defined on R such

that k({0}) = 0 and
∫
R\0

(
1 ∧|x|2

)
k(dx) ≤ ∞. In a finite time in-

terval, the number of jumps of Lévy process can be finite or infinite,
according as k(R) < ∞ or k(R) = ∞.

Proposition A.2. From Rémillard (2013), let L be a Lévy process with
characteristics (a, b, k), where k is the Lévy measure defined on R such

that k({0}) = 0 and
∫
R\0

(
1 ∧|x|2

)
k(dx) ≤ ∞. A Lévy process has

jumps of finite variation if and only if b = 0 and
∫
|x|<1

|x|k(dx) < ∞.

Appendix B. Transition tables
Appendix Transition1

B.1. Transition tables - Merton (1976). The transition parameters
T ν
k,i, for ν ∈ {0, 1, 2}, k ∈ {1, . . . , p}, and i ∈ {0, . . . , p} are

T ν
k,i =

∞∑
n=0

Q (N∆t = n) ηνk(n)e
c(n)2/2

[
Φ
(
ck,i+1(n)− c (n)

)
− Φ

(
ck,i(n)− c (n)

)]
,

where N∆t is the number of jumps over [tm, tm+1], c (n) = νσn

√
∆t,

and

Q (N∆t = n) = e−λ∆t (λ∆t)n

n!
,

σ2
n = σ2 +

n

∆t
δ2,

ηk(n) = ake
(r−d̄−λκ−σ2

n/2)∆t+n(γ+δ2/2),

ck,i(n) =
log
(
ai/ak

)
−
(
r − d̄− λκ− σ2

n/2
)
∆t− n(γ + δ2/2)

σn

,

and Φ (·) is the standard normal distribution function.
Appendix Transition2

B.2. Transition tables - Kou (2002). The transition parameters T ν
k,i,

for ν ∈ {0, 1, 2}, k ∈ {1, . . . , p}, and i ∈ {0, . . . , p} are

T 0
k,i = Υ(µ0, σ, λ, p1, η1, η2, xi+1,∆t)−Υ(µ0, σ, λ, p1, η1, η2, xi,∆t),

T 1
k,i = ρ−1ak[Υ(µ1, σ, λ̃, p̃1, η̃1, η̃2, xi+1,∆t)−Υ(µ1, σ, λ̃, p̃1, η̃1, η̃2, xi,∆t)],

T 2
k,i = bρ−2a2k[Υ(µ2, σ̄, λ̄, p̄1, η̄1, η̄2, x̄i+1,∆t)−Υ(µ2, 2σ, λ̄, p̄1, η̄1, η̄2, x̄i,∆t)],

1



2

where µ0 = r − 1
2
σ2 − λκ, xi = log(ai/ak), ρ = exp(−(r − d̄)∆t), µ1 =

r+ 1
2
σ2−λκ, λ̃ = λ(1+κ), p̃1 = pη1/(1+κ)(η1−1), η̃1 = η1−1, η̃2 = η2+

1, σ̄ = 2σ, κ̄ = p1(η1/2η̄1)+(1−p1)(η2/2η̄2)−1, µ2 = 2r+ 1
2
σ̄2−λκ̄, λ̄ =

λ(1+κ̄), η̄1 = η1/2−1, η̄2 = η2/2+1, b = exp(σ2+λ(κ̄−2κ)∆t), and x̄i =
xi − log(b). The function Υ(.) is defined by

Υ (µ, σ, λ, η1, η2, p1, xi,∆t) =
e(ση1)

2∆t/2

σ
√
2π∆t

∞∑
n=1

πn

n∑
k=1

Pn,k

(
σ
√
∆tη1

)k
× Ik−1

(
xi − µ∆t;−η1,−

1

σ
√
∆t

,−ση1
√
∆t

)
+

e(ση2)
2∆t/2

σ
√
2π∆t

∞∑
n=1

πn

n∑
k=1

Qn,k

(
σ
√
∆tη2

)k
× Ik−1

(
xi − µ∆t; η2,

1

σ
√
∆t

,−ση2
√
∆t

)
+ π0Φ

(
−xi − µ∆t

σ
√
∆t

)
,

and by

Pn,k =
∑n−1

i=k

(
n− k − 1
i− k

)(
n
i

)
.
( η1
η1 + η2

)i−k( η2
η1 + η2

)n−i

pi1p
n−i
2 ,

Qn,k =
∑n−1

i=k

(
n− k − 1
i− k

)(
n
i

)
.
( η1
η1 + η2

)n−i( η2
η1 + η2

)i−k

pn−i
1 pi2,

In (c;α, β, δ) =
∫∞
c

eαxHhn (βx− δ) dx,

for arbitrary constants α, c, β ∈ R, and n ∈ N.

Appendix Transition3
B.3. Transition tables – Variance Gamma - Madan et al. (1998).
From Madan et al. (1998), we define the degenerate hypergeometric
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function of two variables Ψ(a, b, γ) in terms of the modified Bessel func-
tion of the second kind K(.) as

Ψ(a, b, γ) =
cγ+

1
2 exp(sign(a)c)(1 + u)γ√

(2π)Γ(γ)γ
Kγ+ 1

2
(c)×

Φ(γ, 1− γ, 1 + γ;
1 + u

2
,− sign(a)c(1 + u))−

sign(a)
cγ+

1
2 exp(sign(a)c)(1 + u)1+γ√

(2π)Γ(γ)(1 + γ)
Kγ− 1

2
(c)×

Φ(1 + γ, 1− γ, 2 + γ;
1 + u

2
,− sign(a)c(1 + u))+

sign(a)
cγ+

1
2 exp(sign(a)c)(1 + u)γ√

(2π)Γ(γ)γ
Kγ− 1

2
(c)×

Φ(γ, 1− γ, 1 + γ;
1 + u

2
,− sign(a)c(1 + u)),

where c = |a|
√
2 + b2, u = b/

√
2 + b2, and where the degenerate hyper-

geometric function of two variables Φ has the integral representation

Φ (α, β, γ;x, y) =
Γ (γ)

Γ(α)Γ(γ − α)

∫ 1

0

uα−1(1− u)γ−α−1(1− ux)−βeuydu.

Let x = 1+u
2
, λ = 2 sign(a)c, so that c = |λ| /2, and set

Ψ1 (x, λ, γ) =
|λ|γ+

1
2 eλ/2xγ

2
√
πΓ(γ)γ

Kγ+ 1
2
(c) Φ (γ, 1− γ, 1 + γ;x,−λx)

=
|λ|γ+

1
2 eλ/2xγ

2
√
πΓ(γ)

Kγ+ 1
2
(c)

∫ 1

0

zγ−1 (1− zx)γ−1 e−λzxdz

Ψ2 (x, λ, γ) =
|λ|γ+

1
2 eλ/2xγ+1

√
πΓ(γ) (γ + 1)

Kγ− 1
2
(c) Φ (1 + γ, 1− γ, 2 + γ;x,−λx)

=
|λ|γ+

1
2 eλ/2xγ+1

√
πΓ(γ)

Kγ− 1
2
(c)

∫ 1

0

zγ (1− zx)γ−1 e−λzxdz

Ψ3 (x, λ, γ) =
|λ|γ+

1
2 eλ/2xγ

2
√
πΓ(γ)

Kγ+ 1
2
(c)

∫ 1

0

zγ−1 (1− zx)γ−1 e−λzxdz.
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If λ > 0, let t = λxz, set

Ψ1 (x, λ, γ) =

√
λeλ/2

2
√
πΓ (γ)

Kγ+ 1
2

(
λ/2
) ∫ λx

0

tγ−1

(
1− t

λ

)γ−1

e−tdt,

and set I1 (x, λ, γ) =
∫ λx

0
tγ−1

(
1− t

λ

)γ−1
e−tdt. Integrating by parts,

I1 (x, λ, γ) =
(λx)γ

γ
(1− x)γ−1 e−λx +

1

γ

∫ λx

0

tγ
(
1− t

λ

)γ−1

e−tdt

+
γ − 1

λγ

∫ λx

0

tγ
(
1− t

λ

)γ−2

e−tdt.

Set h1 (x, λ, γ) =
∫ λx

0
tγ
(
1− t

λ

)γ−1
e−tdt and h2 (x, λ, γ) =

∫ λx

0
tγ
(
1− t

λ

)γ−2
e−tdt,

where h1 and h2 are evaluated by Gauss-Legendre quadrature. Then

Ψ2 (x, λ, γ) =
eλ/2√
πλ

Kγ− 1
2

(
λ/2
) ∫ λx

0

tγ
(
1− t

λ

)γ−1

e−tdt

=
eλ/2√
πλ

Kγ− 1
2

(
λ/2
)
h1 (x, λ, γ) ,

and Ψ3 (x, λ, γ) =
√
λeλ/2

2
√
πΓ(γ)

Kγ− 1
2

(
λ/2
)
I1 (x, λ, γ), hence

Ψ (x, λ, γ) = Ψ1 (x, λ, γ)− sign (a)Ψ2 (x, λ, γ) + sign (a)Ψ3 (x, λ, γ) .

If λ < 0, let t = −λxz, let

Ψ1 (x, λ, γ) =

√
−λeλ/2

2
√
πΓ (γ)

Kγ+ 1
2

(
−λ/2

) ∫ −λx

0

tγ−1

(
1 +

t

λ

)γ−1

etdt,

and set I2 (x, λ, γ) =
∫ −λx

0
tγ−1

(
1 + t

λ

)γ−1
etdt. Integrating by parts,

I2 (x, λ, γ) =
(−λx)γ

γ
(1− x)γ−1 e−λx − 1

γ

∫ −λx

0

tγ
(
1 +

t

λ

)γ−1

etdt

− γ − 1

λγ

∫ −λx

0

tγ
(
1 +

t

λ

)γ−2

etdt.

Set h3 (x, λ, γ) =
∫ −λx

0
tγ
(
1 + t

λ

)γ−1
etdt and h4 (x, λ, γ) =

∫ −λx

0
tγ
(
1 + t

λ

)γ−2
etdt,

where h3 and h4 are evaluated by Gauss-Legendre quadrature. Then

Ψ2 (x, λ, γ) =

√
(−λ)eλ/2

λ
√
πΓ(γ)

Kγ− 1
2

(
−λ/2

)
h3 (x, λ, γ) ,

Ψ3 (x, λ, γ) =

√
(−λ)eλ/2

2
√
πΓ (γ)

Kγ− 1
2

(
−λ/2

)
I2 (x, λ, γ) .

As a result,

Ψ (x, λ, γ) = Ψ1 (x, λ, γ)− sign (a)Ψ2 (x, λ, γ) + sign (a)Ψ3 (x, λ, γ) .
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The transition parameters T j
k,i, for j ∈ {0, 1, 2}, k ∈ {1, . . . , p}, and

i ∈ {0, . . . , p} are

T 0
k,i = Ψ(x0, λ

(0)
i , dt/ν)−Ψ(x0, λ

(0)
i+1, dt/ν),

T 1
k,i = ρ−1ak

[
Ψ(x1, λ

(1)
i , dt/ν)−Ψ(x1, λ

(1)
i+1, dt/ν)

]
,

T 2
k,i = eη2ρ−2a2k

[
Ψ(x2, λ

(2)
i , dt/ν)−Ψ(x2, λ

(2)
i+1, dt/ν)

]
,

where ρ = exp{−(r−q)dt}, x0 =
1+u0

2
, u0 =

b0√
2+b20

, b0 = α
√

ν
1−ξ2

, ξ2 =

να2

2
, α = ζs, with ζ = θ

σ2 and s = σ√
1+( θ

σ )
2 ν
2

. Thus λ
(0)
i = 2 sign (a0)c0,

with c0 = |a0|
√

2 + b20, a0 = di

√
1−ξ2
ν

, ξ1 =
ν(α+s)2

2
, and

d
(0)
i =

1

s

[
ln

(
ak
ai

)
+ rdt+

dt

ν
ln

(
1− ξ1
1− ξ2

)]
.

Next, x1 =
1+u1

2
, u1 =

b1√
2+b21

, b1 = (α + s)
√

ν
1−ξ1

, λ
(1)
i = 2 sign (a1)c1,

with c1 = |a1|
√

2 + b21, a1 = d
(0)
i

√
1−ξ1
ν

.

Further, let r2 = 2r, σ2 = 2σ, θ2 = 2θ, q2 = 2q, α2 = ζ2s2, with
ζ2 = θ2

σ2
2
and s2 = σ2√

1+
(

θ2
σ2

)2
ν
2

. Then x2 = 1+u2

2
, u2 = b2√

2+b22
, b2 =

(α2 + s2)
√

ν

1−ξ
(2)
1

, with ξ
(2)
1 = ν(α2+s2)

2

2
. Thus, λ

(2)
i = 2 sign (a2)c2, with

c2 = |a2|
√
2 + b22, a2 = d

(2)
i

√
1−ξ

(2)
2

ν
, ξ

(2)
2 =

να2
2

2
and

d
(2)
i =

1

s2

[
2 ln

(
ak
ai

)
+ r2dt+ η2 +

dt

ν
ln

(
1− ξ

(2)
1

1− ξ
(2)
2

)]
,

where η2 = 2w1 − w2, w1 =
dt
ν
ln
(

1−ξ1
1−ξ2

)
, and w2 =

dt
ν
ln

(
1−ξ

(2)
1

1−ξ
(2)
2

)
.

Thus, for j ≥ 3

T j
k,i = eηjρ−jajk

[
Ψ(xj, λ

(j)
i , dt/ν)−Ψ(xj, λ

(j)
i+1, dt/ν)

]
,

where rj = jr, σj = jσ, θj = jθ, qj = jq, αj = ζjsj, with ζj =
θj
σ2
j

and sj =
σj√

1+

(
θj
σj

)2
ν
2

. Hence, xj =
1+uj

2
, uj =

bj√
2+b2j

, bj =



6(
αj + sj

)√
ν

1−ξ
(j)
1

, with ξ
(j)
1 =

ν(αj+sj)
2

2
, ξ

(j)
2 =

να2
j

2
, and λ

(j)
i = 2 sign

(
aj
)
cj,

with cj =
∣∣aj∣∣√2 + b2j , aj = d

(j)
i

√
1−ξ

(j)
2

ν
, and

d
(j)
i =

1

sj

[
j ln

(
ak
ai

)
+ rjdt+ ηj +

dt

ν
ln

(
1− ξ

(j)
1

1− ξ
(j)
2

)]
,

where ηj = jw1 − wj, w1 =
dt
ν
ln
(

1−ξ1
1−ξ2

)
, and wj =

dt
ν
ln

(
1−ξ

(j)
1

1−ξ
(j)
2

)
.
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